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An analytical expression for the third coefficient of the Jones Polynomial 
Pj[li e<1 ] i n the variable q is reported. Applications of the result in Quantum 
Gravity are considered. 

The relationship between Knot and Quantum Field Theories is nowadays a well 
established fact. Since the early suggestion made by Schwarz |]] and Atiyah about 
the existence of a quantum field theoretical description of link invariants, significant 
advances have been achieved in the program of connecting the Chern-Simons theory 
with the geometry of three-manifolds and knot theory ||, |J. In particular, Guadagnini 
et al has shown that the perturbative expansion of the expectation value of the 
Wilson line operators < Wfa) > in the Chern-Simons model provides a systematic 
method for deriving explicit expressions of link and knot invariants. 

Knot invariants also play a fundamental role in the nonperturbative approach 
of quantum General Relativity based on the Ashtekar new variables 0. Quantum 
Gravity in terms of the Ashtekar variables can be formulated in the connection || 
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and in the loop |7|, |8| representation. Both representations are formally connected by 
the loop transform. 

In the loop representation, wavefunctions are functionals of loops ^[7]. The in- 
variance of the theory under diffeomorphisms transformations of the three manifold 
implies that the wavefunctions depend only on the link class of the loop 7 rather 
than the loop itself; that is to say, they must be knot invariants. In the connec- 
tion representation, an exact quantum state [A] of the gravitational field with a 
cosmological constant A constructed with the Chern-Simons form is known ||. 

At the formal level, one can express the loop transform ^[7] of [A] as the 



expectation value of the Wilson loop constructed with the Chern-Simons form [JTU 
It turns out that < W(~f) > satisfies in this case the skein relations of the Kauffman 
Bracket polynomial |3], |ll| , which is intimately related with the Jones polynomial. In 
consequence, the loop transform of ^^[A] can be written as a knot polynomial in 
the cosmological constant, 

*a[7] = oofr] + «i[7]A + a 2 [ 7 ]A 2 + . . . + a n [ 7 ]A n + ... (1) 

We have at present only appropriate analytical expressions for the coefficients up to 
order two in A. The action of the Hamiltonian constraint with cosmological constant 
in the loop representation can be computed order by order in the above expansion. 
The calculation has confirmed, up to second order in A, that the Kauffman Bracket is 
also a solution in the loop representation. Moreover, it was possible to conjecture as 
a byproduct of this calculation that the Jones polynomial itself could be a quantum 
state of vacuum General Relativity fl2fl . In order to put forward this conjecture, 
analytical expressions for the other coefficients in (|1]) are needed. 

In this paper we report the analytical expression of the third coefficient of the 
expansion ([]]). The calculus illustrates the techniques involved in the perturbative 
analysis of the state (|l|) that comes from Chern-Simons theory. Although already 
exists a general method to analyze the perturbative expansion of the Wilson loop in 
the Chern-Simons model fl3f , our approach take advantage of the use of the loop 



coordinates [H, |T3[ describing the loop dependence of the knot invariant. The loop 
coordinates were introduced in order to define a coordinate representation associated 
with the loop space and they proved to be a powerful tool that increase our capability 
to make calculations with loop dependent objects. In that sense, the result we report 
here has the appropriate form to analyze the action of the Hamiltonian constraint 
in the loop representation. In this context, the form of the coefficient 013 [7] is the 
expected to support the conjecture that the Jones polynomial would be a solution of 
vacuum General Relativity. 

We start by considering the third order perturbative analysis of the expectation 
value of the Wilson line operator in a Chern-Simons theory. The classical action of 
the Chern-Simons model on a smooth three-manifold is 

Scs = -tJ d 3 xe abc Tr[A a d b A c + i^A a A b A c \). (2) 
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where A ax = A k (x)T k , T k being the generators of a compact simple Lie group. 
We consider specifically the SU(N) case in the fundamental representation, with 
Tr[T k T l ] = S kl . 

The quantization of Scs can be performed following the standard Faddeev-Popov 
procedure M. It is shown that general covariance on the physical space is maintained 
in spite the metric dependence introduced by the gauge-fixing procedure. The expec- 
tation value of any gauge invariant and metric independent quantity (like the Wilson 
line operator) is a topological invariant in the three-manifold. 

The trace of the holonomy of the nonabelian connection A l ax can be written in the 
following useful way: 



oo 



W A (l) = N + T * n tr[A aixl ■ .-A^JX^-^^) (3) 



n=l 



where all the information concerning the loops is concentrated in the multivector 
densities x aiXl '" anXn , defined by 

X a lXl -a nXn{l) = I dy a n j*» rf > . ^ ^gfa _ ) . . . ^ _ ^ (4) 

J-y JO JO 

In equation (|3|) a generalized Einstein convention of repeated indexes is assumed. The 
"multitangent fields" x aiXl "' anXn behave as vector densities at each of the x± points 
and contain all the information about 7 needed to build the holonomy. They are 
constrained by a series of algebraic and differential identities. It is a remarkable fact 
that one can actually solve these identitites, obtaining a set of constraint free X's 
which define the "coordinates" on loop space [IE . 

The expectation value < W(pj) > has the following expansion in powers of the 
coupling constant 



/oo 
dAe^WA^) = N < W (l) >(n) ( 5 ) 

n=0 

with 

00 

< win) > (n) = E f < *r[V • ■ ■ A a mX J > {n) x^-™ ™( 7 ) (6) 

m=0 

The properties of the correlation functions < A aiXl ■ ■ ■ A amXm > have been studied 
by Guadagnini et al 0. They have shown that the Chern-Simons model has a mean- 
ingful perturbative expansion in k and they confirmed the finitness of the theory at 
two loops of the perturbative analysis. Moreover, they have shown that the one-loop 
and two-loop radiative corrections to < A l ax A J by > and < A l ax A\ y A k cz > are not only 
finite but vanish identically. 

In consequence, we have for the two- and three-point correlation functions the 
following expressions: 

< A\ x A{ y >= - 2 -f 5^g axby + 0(k- 4 ) (7) 
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and 

< K x Al y A k cz >= -C-f fP k h axbycz + 0(k~ 5 ) (8) 
where / u are the structure constants, 

]_ x c -y c 

9 ax by . ^abc i q I J) 

47r \ x — y \ 6 

and 

i _ duevfw 

'^axbycz ' 9 ax du 9by ev 9 cz f w \ 

with 



To 0{k 3 ) there are contributions coming only from the four-, five- and six-point 
correlation functions. They are 

i A < trlA^-A^] > (3) = n*(n 2 -i) [h^ag^h^p - h^^g^h^p] (12) 
i 5 < tr[A^-A^] > (3) = -(N 2 -irg^ im h^^ 5)c + (N*-i)g^ 3 h m ^ s)c (13) 
i < irfA^—yl^g] ^ — N2 9 'mm 9 '^2^5 9 'm^a ~l 27V 2 dim^dm^sdm^c 

( N 2 -l \2 I JV/ JV 2 -1 \3 

I jv i 9{m^29m^59m^6)c ' 3 l at J 9(m^29m^4,9m^&)c 

(14) 

where, in order to simplify the notation, we introduce the greek indexes = (ajXj) 
and the subscript c indicates cyclic permutation. g Q/3 is the inverse of the free two- 
point propagator in the space of transverse functions 

g axby = e abc dc§ ( x _ y j ^ 

9 axby 9by CZ = (5 a c -d a d c V- 2 )5(x-z) (16) 

Now, we have to contract each of the contributions flT^-flnj) with the correspond- 
ing multitangent fields. In order to extract from the whole expression those terms 
associated with known knot invariants, we need to use the algebraic identities of the 



multitangent fields. In general, these identities read |T3| 



Y Pl-ft Mfc+l — fin = J^-Pfc(Ml--Mn) _ J( m—ftk X^k+l — Mn 

and the sum goes over all the permutations of the /i variables which preserve the 
ordering of the fix, . . . , /i^ and the /ifc+i, . . . , fi n between themselves. Let us analyze 
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in some detail how they work in the case of the five-point correlation function. Using 
the symmetry properties of the propagators <? WM2 and /i WM2At3 under the interchange 
of the indexes, one can write 



i 5 



+ N ^-i)g^ 3 h m5)c X^^ (18) 

Repeating the procedure for the other terms and using the known expressions for the 
lower coefficients of the expansion (|5|) 

<^(7)> (1) = -^vfr] (19) 

<ty( 7 )> (2) = -^P[7] + |[<^(7)> {1) ] 2 (20) 

where 

<p[H = -2g axby X axb y (21) 

p[l\ = 2(h axbycz X axb y cz + g axcz g bydw X axb y czdw ); (22) 

the following expression for the third order contribution is finally obtained: 

< W{i) > (3) = - M ^r[ 7 ]+ < W{i) > (1) < W{-y) > (2) -| [< W(rf) > (1) ] 3 (23) 
with 

' L / J C L l"-/il/i2«y ll \l3ll±fl l>>IJ,lHAOtg "-£12/^3/3 J ^ ' 

i'(^lAt3'V2A 1 4M5)c Vi T 

^[7] is the Gauss self-linking number and pfy] is related to the second coefficient of the 
Alexander-Conway polynomial @j. Up to this order of the perturbative expansion, 
the expectation value of the Wilson line operator takes the form 



< 



W{i) >= Nexp (-M ^[7]) [ 1 - ) 2 p[ 7 ] 



■^3M5^zii r [ 7 ] +0 ( fc -4)l (25) 



k ) 2 



As it is known, this result represent the perturbative emergence of the relation existing 
between the Kauffman Bracket polynomial (a regular isotopy invariant) and the Jones 
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polynomial (an ambient isotopy invariant) in the variable exp(— fT^j- All the 
framing dependence is concentrated in the exponential phase factor. Equation (p4|) 
gives an analytical expression for the third coefficient of Pj[j, exp(— 

Let us review now how this result is applied in Quantum Gravity. As we just 
mentioned, a formal solution to all the constraints of Quantum Gravity is known in 
the connection representation. This state is given by the exponential of the Chern- 
Simons form built with the Ashtekar connection || 

*<i s [A] = exp{-f J v abc Tr[A a d b A c + ^A a A b A c \). (26) 

The loop transform of \I/^ S L4] is clearly related with the expectation value of the 
Wilson loop if one makes the assumption that for ^[7] the measure of integration 
is that of a Chern-Simons theory for the Ashtekar connection [|l6j. The result ( ^5|) 
can then be translated to this case with the following formal change: (|-) — > z(^r)(§)> 
that put in correspondence the skein relations for ^a[t] an d < W(-y) > in the SU(2) 
case. 

The coefficient 03 [7] (expanding in terms of ^) reads 

03 [7] = -3t[7] +« 2 [7]«i[7] - |[«i[t]] 3 

= -3r[ 7 ]-|p[7]oi[7] +|K[7]] 3 (27) 

with 

aoM = 1[7] (28) 

«iW = -l<p[l] (29) 

OaW = "IpW + 1Kb]] 2 (30) 

The action of the Hamiltonian constraint with a cosmological constant H\ = Hq + 
^ det(q) over the loop state ^[7] (where Hq is the vacuum Hamiltonian constraint 
and q the three metric) produces the following equations order by order in A 

A : det(q) l[j] + H ax[^] = (31) 

A 2 : det(q) ^[7] + H |[«i[7]] 2 - f^opM = (32) 

A 3 : ^{mM^-lpMj+ifojl^H^-fpHaiHj-SFoTH =0 (33) 
One can prove that the phase factor of (|25| ) is itself a solution of the Hamiltonian 



constraint with cosmological constant 17 1, that is 



H A exp(a 1 [i\%) = (34) 
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This fact produces the cancellation of the first two terms of equation ( p2|) among 
themselves. Then, for equation (p2|) to hold, the second coefficient of the Jones 



polynomial ppy] has to be a solution of the vacuum Hamiltonian constrain This 
result has been proved independently by Brugmmann, Gambini and Pullin |18|, [19| . 

We notice that the first two terms of ( |33| ) have the appropriate form to reproduce 
at this level the same cancellation mechanism that operates at order A 2 . The contri- 
bution of the terms involving only 01(7] vanishes due to One could expect that 



the other terms also cancel among themselves. If this happens, also the third coeffi- 
cient of the Jones polynomial t[j] has to be a solution of H . Explicit computations 
to prove this conjecture are in progress. 



* * * 
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